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Abstract
We study the deterministic and stochastic rotational dynamics of ferromagnetic nanoparticles in a
precessing magnetic field. Our approach is based on the system of effective Langevin equations and
on the corresponding Fokker-Planck equation. Two key characteristics of the rotational dynamics,
the average angular frequency of precession of nanoparticles and their average magnetization, are
of our interest. Using the Langevin and Fokker-Planck equations, we calculate both analytically
and numerically these characteristics in the deterministic and stochastic cases, determine their
dependence on the model parameters, and analyze in detail the role of thermal fluctuations.
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I. INTRODUCTION
Ferromagnetic single-domain nanoparticles possess a number of unique properties, such,
for example, as superparamagnetism [1–3], giant magnetoresistance [4, 5] and quantum tun-
nelling of magnetization [6–8]. These and other properties provide a basis for numerous
current and potential applications of magnetic nanoparticles in data storage [9–11], spin-
tronics [12, 13], drug delivery [14–16] and hyperthermia [17–20], to name only a few. The
magnetization dynamics plays a central role in most of these applications, and its charac-
teristics strongly depend on whether the nanoparticles move or not. In the latter case, the
time evolution of magnetization can often be described phenomenologically by the Landau-
Lifshitz or Landau-Lifshitz-Gilbert equation [21, 22]. By adding the thermal torque [3] and
spin-transfer torque [23, 24] to these equations, they can also be used to study thermal and
spin-transfer effects. Within this framework, a wide variety of phenomena, including preces-
sional switching, self-oscillations and thermal relaxation of the nanoparticle magnetization,
have already been investigated (for a review, see Ref. [25] and references therein).
Although there is experimental evidence that ferromagnetic nanoparticles can freely ro-
tate even in a solid matrix [26], it is more obvious that the former case occurs for nanopar-
ticles suspended in a fluid. These systems, also known as ferrofluids, exhibit a number of
unique properties [27, 28]. In dilute suspensions, some of these properties are completely
determined by the magnetic and mechanical dynamics of independent nanoparticles. Re-
markably, in the case of high-anisotropy nanoparticles the magnetization motion describes
the nanoparticle rotation as well. Because of its simplicity and efficiency, this approach is
very useful for investigating thermal effects in these systems (see, e.g., Refs. [29, 30]). In
particular, it has been used to predict and study the thermal ratchet effects in ferroflu-
ids subjected to a linearly polarized magnetic field [31, 32], and to determine the specific
absorption rates [33, 34].
In this work, we present a detailed study of the rotational dynamics of highly anisotropic
nanoparticles in a precessing magnetic field. We focus on the average angular frequency of
nanoparticle rotation and on the average nanoparticle magnetization. The dependencies of
these quantities on the model parameters, especially those that exhibit qualitatively different
behavior with and without thermal fluctuations, are our main interest here.
The paper is organized as follows. In Sec. II, we describe the model and main approxima-
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tions and write the basic system of Langevin equations governing the rotational dynamics
of ferromagnetic nanoparticles. The corresponding Fokker-Planck equation and the system
of effective Langevin equations, which is more convenient than the basic one, are obtained
in Sec. III. In the same section, we show that the interpretation of multiplicative Gaussian
white noises in effective Langevin equations does not influence the statistical properties of
their solution. Section IV is devoted to the computation of the average angular frequency of
precession of nanoparticles and their average magnetization in the deterministic case. The
effects of thermal fluctuations are considered in Sec. V. Here, we confirm the validity of the
system of effective Langevin equations, use it for calculating the above mentioned average
characteristics, and discuss the role of thermal fluctuations. Finally, our main conclusions
are summarized in Sec. VI.
II. MODEL AND BASIC EQUATIONS
We consider a spherical ferromagnetic particle of radius a, which rotates in a viscous fluid
under a uniform magnetic field H = H(t). In our study we use the following assumptions.
First, the exchange interaction between magnetic atoms is assumed to be so large that
the magnitude |M| = M of the particle magnetization M can be considered as a constant
parameter. Second, the particle radius is assumed to be so small (less than a few tens
of nanometers) that the nonuniform distribution of magnetization becomes energetically
unfavorable, i.e., a single-domain state with M =M(t) is realized. And third, the magnetic
anisotropy field is assumed to be so strong that the magnetization is directed along this field,
implying that M is frozen into the particle body. With these assumptions, the rotational
dynamics of a ferromagnetic particle is governed by a pair of coupled equations
M˙ =ω×M, (2.1a)
Jω˙ = VM×H− 6ηVω. (2.1b)
Here, ω =ω(t) is the angular velocity of the particle, the overdot denotes the time deriva-
tive, J = (2/5)ρV a2 is the moment of inertia of the particle, ρ is the particle density,
V = (4/3)pia3 is the particle volume (we associate the hydrodynamic volume of the particle
with its own volume), η is the dynamic viscosity of the fluid, and the cross denotes the
vector product.
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The former equation in (2.1) is a special case of the kinematic relation a˙ =ω× a, which
holds for an arbitrary frozen vector a of a fixed length, and the latter one is Newton’s second
law for rotational motion. The first and second terms in the right-hand side of Eq. (2.1b)
are the torques generated by the external magnetic field and viscous fluid at small Reynolds
number (<∼ 2×103), respectively. Because the particle size is sufficiently small, the left-hand
side of this equation, i.e., the rate of angular momentum Jω, can safely be neglected in a
wide frequency domain. Using this massless approximation and assuming that a random
torque ξ = ξ(t), which is generated by the thermal motion of fluid molecules, is also applied
to a nanoparticle, we obtain
ω =
1
6η
M×H+ 1
6ηV
ξ. (2.2)
With this result, Eq. (2.1a) reduces to the equation (see, e.g., Ref. [30])
M˙ = − 1
6η
M× (M×H)− 1
6ηV
M× ξ, (2.3)
which describes the stochastic rotation of ferromagnetic nanoparticles in a viscous fluid. Note
that, in spite of the similarity in appearance, Eq. (2.3) strongly differs from the stochastic
Landau-Lifshitz equation describing the magnetization dynamics of fixed nanoparticles. The
main difference leading to a qualitatively different behavior of M is that Eq. (2.3) does not
contain the gyromagnetic term in the deterministic limit. In particular, it is this term that
is responsible for the magnetization of nanoparticle systems in a rotating magnetic field [35].
Since the nanoparticle magnetization M does not depend on time, it is convenient to
rewrite Eq. (2.3) in spherical coordinates. To this end, we first represent the magnetization
vector as M =Mm with
m = sin θ(cosϕ ex + sinϕ ey) + cos θ ez, (2.4)
where θ = θ(t) and ϕ = ϕ(t) are the polar and azimuthal angles of the nanoparticle mag-
netization, respectively, and ex, ey and ez are the unit vectors along the corresponding axes
of the Cartesian coordinate system xyz, whose origin is located at the nanoparticle center.
Then, introducing the rescaled random torque as
ζ =
(
1
12ηV kBT
)1/2
ξ, (2.5)
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where kB is the Boltzmann constant and T is the absolute temperature, from Eq. (2.3) one
can obtain the following basic system of stochastic Langevin equations:
θ˙ =− 1
τ1
∂w
∂θ
−
√
2
τ2
(ζx sinϕ− ζy cosϕ) ,
ϕ˙ =− 1
τ1 sin
2θ
∂w
∂ϕ
−
√
2
τ2
[
(ζx cosϕ+ ζy sinϕ) cot θ−ζz
]
.
(2.6)
Here, w = W/M2, W = −M ·H is the Zeeman energy density, the dot denotes the scalar
product, and
τ1 =
6η
M2
, τ2 =
6ηV
kBT
(2.7)
are the time scales characterizing the nanoparticle rotation induced by the external magnetic
field and thermal torque, respectively (τ2/2 is also called the Brownian relaxation time). The
Cartesian components ζν (ν = x, y, z) of ζ are assumed to be independent Gaussian white
noises with zero mean, 〈ζν〉 = 0, and correlation function 〈ζν(t)ζν(t′)〉 = ∆δ(t − t′), where
〈·〉 denotes averaging over all realizations of Wiener processes Wν(t) producing noises ζν (for
more details, see the next section), ∆ is the dimensionless noise intensity, and δ(t) is the
Dirac δ function.
Finally, we choose the external magnetic field in the form
H = H [cos(ωt)ex + sin(ωt)ey] +Hzez, (2.8)
where H and ω are the amplitude and angular frequency of the circularly polarized (rotating)
component of H, and Hzez is the constant component of H (see Fig. 1). In this so-called
precessing magnetic field, the reduced energy density w = −m · h (h = H/M) is written as
w = −h sin θ cos(ωt− ϕ)− hz cos θ (2.9)
with h = H/M ≥ 0 and hz = Hz/M ≥ 0.
III. FOKKER-PLANCK EQUATION
An important feature of the Langevin equations (2.6) is that the noises ζν are multi-
plicative, i.e., they are multiplied by functions of the angles θ and ϕ. It is well known (see,
e.g., Refs. [36, 37]) that the statistical properties of one-dimensional systems described by
Langevin equations with multiplicative noises depend on the noises interpretation. In con-
trast, the statistical properties of some multi-dimensional systems do not depend on how the
5
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FIG. 1. (Color online) Schematic representation of the model. Nanoparticle of radius a with frozen
magnetization M rotates about the origin of the Cartesian coordinate system in a viscous fluid
under the action of a precessing magnetic field H.
multiplicative noises are interpreted [38]. Therefore, to determine if the noises interpretation
influences the statistical properties of θ and ϕ and to find the Fokker-Planck equation for
the probability density of these angles, Eqs. (2.6) must be specified more precisely.
For this purpose it is convenient to rewrite the system of stochastic equations (2.6) in the
form
u˙i = fi(u, t) +
3∑
j=1
gij(u)ζj. (3.1)
Here, ui (i = 1, 2) are the elements of the 2 × 1 matrix [two-component column vector
u = u(t)] (ui) = (
u1
u2 ) with u1 = θ and u2 = ϕ, the drift terms fi(u, t) are the elements of
the 2× 1 matrix
(fi) = − 1
τ1

 ∂w/∂u1
sin−2 u1 ∂w/∂u2

 (3.2)
with w taken from equation (2.9) in which the angles θ and ϕ are replaced by the variables
u1 and u2, respectively, ζ1 = ζx(t), ζ2 = ζy(t), ζ3 = ζz(t), and the functions gij(u) are the
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elements of the 2× 3 matrix
(gij) = −
√
2
τ2

 sin u2 − cos u2 0
cotu1 cosu2 cotu1 sin u2 −1

 . (3.3)
Then, to specify Eqs. (3.1), we first assume that the increments δui = ui(t+ τ)− ui(t) of
the variables ui at τ ≪ min{τ1, τ2} are given by
δui = fi(u, t)τ +
3∑
j=1
gij[u(t + λjτ)]δWj , (3.4)
where λj ∈ [0, 1] are the parameters characterizing the action of white noises ζj, and δWj =
Wj(t+τ)−Wj(t) are the increments of Wiener processes Wj(t) generating ζj. Because these
noises are assumed to be independent and statistically equivalent, the increments δWj can
be completely characterized by two conditions
〈δWj〉 = 0, 〈δWjδWl〉 = ∆δjlτ (3.5)
with δjl being the Kronecker delta. Finally, taking into account that uk(t + λjτ) ≈ uk(t) +
λjδuk and expanding the last term in Eq. (3.4) to linear order in τ , we obtain
δui = fi(u, t)τ +
3∑
j=1
gij(u)δWj
+
2∑
k=1
3∑
j,l=1
λj
∂gij(u)
∂uk
gkl(u)δWlδWj . (3.6)
Thus, the stochastic equations (3.1) are specified by the difference scheme (3.6) in which
the noises action is accounted for not only through the increments δWj of Wiener processes
generating ζj , but also by the parameters λj realizing an addition connection of the system
with these white noises. Since the last term in the right-hand side of Eq. (3.6) is of the order
of τ [cf. Eq. (3.5)], this connection is able to strongly modify the statistical characteristics of
ui. Although the cases with λj = 0, 1/2, and 1 that correspond to the Itoˆ [39], Stratonovich
[40], and Klimontovich[41] interpretations of Langevin equations, respectively, are usually
considered, any other values of λj are allowed from a mathematical point of view. Therefore,
the choice of the parameters λj for Eqs. (2.6) can only be made on physical grounds (see
below).
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Now, using Eqs. (3.5) and (3.6) and the two-stage procedure of averaging [42], we can
derive the Fokker-Planck equation that corresponds to the Langevin equations (3.1). Intro-
ducing the probability density P = P (U, t) that u(t) = U as P = 〈δ (u(t)−U)〉, where U
is a constant column vector with components U1 and U2, the straightforward calculations
[38] lead to the following Fokker-Planck equation:
∂
∂t
P +
2∑
i=1
∂
∂Ui
(
fi(U, t) + f˜i(U)
)
P
− ∆
2
2∑
i,k=1
3∑
j=1
∂2
∂Ui∂Uk
gij(U)gkj(U)P = 0, (3.7)
where
f˜i(U) = ∆
2∑
k=1
3∑
j=1
λj
∂gij(U)
∂Uk
gkj(U) (3.8)
are the additional noise-induced drift terms that depend on the interpretation (i.e., values
of the parameters λj) of stochastic equations (3.1). It should be noted, however, that since
the noise ζ3 is additive and so ∂gi3(U)/∂Uk = 0, these terms and, as a consequence, the
probability density P do not depend on λ3.
If the reduced magnetic energy w does not depend on time, then fi(U, t) = fi(U) and P
tends to the equilibrium probability density P0 = P0(U) as t→∞. In this limit, Eq. (3.7)
for P0 reads
2∑
i=1
∂
∂Ui
(
fi(U) + f˜i(U)
)
P0
− ∆
2
2∑
i,k=1
3∑
j=1
∂2
∂Ui∂Uk
gij(U)gkj(U)P0 = 0. (3.9)
It is natural to assume that the solution of this equation is the Boltzmann probability
density, which for h = 0 can be written in the well-known form
P0 =
1
4pi
κhz
sinh(κhz)
sinU1 e
κhz cosU1 , (3.10)
where κ = τ2/τ1 = M
2V/(kBT ). Substituting Eq. (3.10) into Eq. (3.9) and using the
definitions (3.2) and (3.3), we straightforwardly obtain
λ1 + λ2 − 1 + κhz
∆
[2 + ∆(λ1 + λ2 − 3)] cosU1
− (λ2 − λ1) cos(2U2)
(
4
sin2 U1
+ κhz cosU1 − 1
)
+
(κhz)
2
∆
(∆− 1) sin2 U1 = 0. (3.11)
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This condition holds for all possible values of the variables U1 and U2 (0 ≤ U1 ≤ pi, 0 ≤ U2 <
2pi) and parameter κhz (0 ≤ κhz <∞), i.e., Eq. (3.10) is the solution of the Fokker-Planck
equation (3.9), only if
∆ = 1, λ1 = λ2 =
1
2
. (3.12)
Thus, if Eqs. (2.6) with Gaussian white noises of unit intensity are interpreted in the
Stratonovich sense, the random rotations of nanoparticles are characterized by Boltzmann
statistics at long times.
Now, using the conditions (3.12) and introducing the variables Θ = U1 and Φ = U2, the
Fokker-Planck equation (3.7) can be rewritten in the form
∂P
∂t
− 1
τ1
∂
∂Θ
(
∂w
∂Θ
− 1
κ
cotΘ
)
P − 1
τ1 sin
2Θ
∂
∂Φ
(
∂w
∂Φ
P
)
− 1
τ2
(
∂2
∂Θ2
+
1
sin2Θ
∂2
∂Φ2
)
P = 0. (3.13)
We assume that the solution P = P (Θ,Φ, t) of this equation is properly normalized, i.e.,∫ pi
0
dΘ
∫ 2pi
0
dΦP (Θ,Φ, t) = 1, (3.14)
and satisfies the initial condition P (Θ,Ψ, 0) = δ(Θ − Θ0)δ(Φ − Φ0) with Θ0 = θ(0) and
Φ0 = ϕ(0).
A. Effective Langevin equations
According to the above results, the basic Langevin equations (2.6) should be interpreted
in the Stratonovich sense. Due to this fact and because the system of two equations (2.6)
contains three Gaussian white noises, the study of the rotational dynamics of nanoparticles
by the numerical solution of these equations is not quite practical. Therefore, it is convenient
to use, instead of Eqs. (2.6), a system of effective Langevin equations satisfying the following
requirements. First, the statistical properties of solutions of the basic and effective equations
must be the same and, second, the effective equations must be interpreted in the Ito sense
and contain two rather than three independent Gaussian white noises. It has been shown
[43] that the corresponding system of effective Langevin equations can be written as
θ˙ = − 1
τ1
∂w
∂θ
+
1
τ2
cot θ +
√
2
τ2
µ1,
ϕ˙ = − 1
τ1 sin
2 θ
∂w
∂ϕ
+
√
2
τ2
1
sin θ
µ2,
(3.15)
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where µi = µi(t) (i = 1, 2) are independent Gaussian white noises with zero means,
〈µi(t)〉 = 0, and delta correlation functions, 〈µi(t)µi(t′)〉 = δ(t − t′). Note that the similar
system of effective Langevin equations, which corresponds to the Landau-Lifshitz-Gilbert
equation describing the stochastic dynamics of magnetization in single-domain ferromag-
netic nanoparticles embedded into a solid matrix, has been proposed in Ref. [44].
According to the results of Ref. [43], the probability density of the solution of Eqs. (3.15)
satisfies the Fokker-Planck equation (3.13). As a consequence, the rotational properties
of ferromagnetic nanoparticles can be described either by Eqs. (2.6) interpreted in the
Stratonovich sense or, equivalently, by Eqs. (3.15) interpreted in the Ito sense. A remarkable
feature of the latter equations is that, independent of their interpretation, the corresponding
Fokker-Planck equation is given by Eq. (3.13). Indeed, rewriting Eqs. (3.15) in the form
u˙i = Fi(u, t) +
2∑
j=1
Gij(u)µj , (3.16)
where
(Fi) = − 1
τ1

∂w/∂u1 − (1/κ) cotu1
sin−2 u1 ∂w/∂u2

 (3.17)
and
(Gij) =
√
2
τ2

1 0
0 1/ sinu1

 , (3.18)
one can straightforwardly verify that the condition
2∑
k=1
∂Gij(u)
∂uk
Gkj(u) = 0 (3.19)
holds for all i and j. This means [38] [see also Eqs. (3.7) and (3.8)] that the Fokker-Planck
equation associated with Eqs. (3.15), i.e., Eq. (3.13), does not depend on the parameters λj
providing a quantitative interpretation of stochastic equations (3.15). While this conclusion
is obvious for λ1 (because the noise µ1 is additive), the independence of Eq. (3.13) on
λ2 is rather surprising (because the noise µ2 is multiplicative). We note in this context
that, in contrast to the univariate case, there always exists a class of multivariate Langevin
equations with multiplicative Gaussian white noises whose interpretation does not influence
the corresponding Fokker-Planck equations [38]. The above results show that Eqs. (3.15)
belong to this unique class of Langevin equations.
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IV. NOISELESS CASE
Before proceeding with the study of thermal effects, we first briefly discuss the deter-
ministic (noiseless) case. In this case, taking the limit τ2 → ∞ and using Eq. (2.9), from
Eqs. (2.6) we obtain the following system of deterministic equations:
τ1θ˙ = h cos θ cosψ − hz sin θ,
τ1ψ˙ = Ω− h sinψ
sin θ
,
(4.1)
where ψ = ωt−ϕ is the lag angle and Ω = ωτ1 is the dimensionless frequency of the rotating
component of the magnetic field (2.8). Assuming that θ → θ∞ = const and ψ → ψ∞ = const
as t → ∞, the above differential equations in the long-time limit are reduced to a set of
trigonometric equations
h cos θ∞ cosψ∞ − hz sin θ∞ = 0,
Ω sin θ∞ − h sinψ∞ = 0.
(4.2)
Because the solutions of these equations in the cases with hz > 0 and hz = 0 can be quite
different, we consider them separately.
A. hz > 0
Using Eqs. (4.2) and the condition hz > 0, it can easily be shown that the stationary
solution of the deterministic equations (4.1) is given by
θ∞
ψ∞

= arcsin

 1√
2
√
Γ2 −
√
Γ4 − 4Ω2h2

1/Ω
1/h



 (4.3)
(Γ2 = Ω2 + h2 + h2z). It can also be proven that this solution is stable with respect to small
perturbations of angles θ and ψ. Therefore, the solution of Eqs. (4.1) at hz > 0 always tends
to the stationary solution (4.3) as t → ∞. In particular, the z-component of the reduced
nanoparticle magnetization in the long-time limit, mz = cos θ∞, can always be represented
in the form
mz =
1√
2Ω
√
2Ω2 − Γ2 +
√
Γ4 − 4Ω2h2. (4.4)
In general, mz as a function of the parameters Ω, h and hz exhibits the expected limiting
behavior: mz → hz/
√
h2 + h2z as Ω → 0, mz → 1 as Ω → ∞, h → 0 or hz → ∞, and
11
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FIG. 2. (Color online) Nanoparticle magnetization µ and nanoparticle angular frequency χ as
functions of the reduced magnetic field frequency Ω/h. The solid curves represent the analytical
results (4.5) and (4.7), and the symbols indicate the numerical results obtained at t = 107τ1 by
solving Eqs. (4.1) for maghemite nanoparticles in water. The numerical values of µ and χ, which
are calculated at hz = 10
−3 and hz = 0, respectively, do not depend on the initial values θ(0) and
ψ(0) of the polar and lag angles.
mz → 0 as h→∞. But the dependence of mz on Ω and h under the condition that hz → 0
is not so obvious. Indeed, from Eq. (4.4) one obtains
µ = lim
hz→0
mz =


0, Ω/h < 1√
1− (h/Ω)2, Ω/h ≥ 1,
(4.5)
i.e., the nanoparticle magnetization µ depends only on the ratio Ω/h and, what is more
important, the behavior of µ in the regions Ω/h < 1 and Ω/h ≥ 1 is qualitative different. As
illustrated in Fig. 2, the numerical solution of Eqs. (4.1) obtained by the fourth-order Runge-
Kutta method confirms this theoretical result. Here and in the following, the numerical
calculations are carried out for maghemite (γ-Fe2O3) nanoparticles in water. In this case,
the saturation magnetization of nanoparticles, dynamic viscosity of water and characteristic
time τ1 at room temperature T = 298K are given by 4piM = 3.89×103G, η = 8.90×10−3 P
and τ1 = 5.56× 10−7 s, respectively.
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B. hz = 0
Equation (4.5) shows that the case with hz = 0 is special. If Ω/h < 1 then Eqs. (4.2) or
Eq. (4.3) yield
θ∞ =
pi
2
, ψ∞ = arcsin
(
Ω
h
)
, (4.6)
and, as in the previous case, this solution is stable. In contrast, if Ω/h ≥ 1 then the steady-
state solution of Eqs. (4.1) is periodic in time with period tst = piτ1/
√
Ω2 − h2 (periodic
regime of rotation) [45]. More precisely, in this case the angles θ(t) and ψ(t) are changed
in such a way that θ(t + tst) = θ(t) and ψ(t + tst) = pi + ψ(t). Using these results, it is
possible to determine the reduced angular frequency of nanoparticles, which is defined as
χ = (1/ω) limt→∞ ϕ(t)/t. Indeed, since ϕ(t) = ωt−ψ(t), from this definition one gets χ = 1
for Ω/h < 1 and χ = 1− pi/(ωtst) for Ω/h ≥ 1, i.e.,
χ =


1, Ω/h < 1
1−
√
1− (h/Ω)2, Ω/h ≥ 1.
(4.7)
This dependence of χ on Ω/h is also in excellent agreement with the numerical results, as
shown in Fig. 2.
Comparing Eq. (4.7) with Eq. (4.5), we can see that the nanoparticle magnetization µ and
the nanoparticle angular frequency χ are connected in a remarkably simple way: µ+χ = 1.
It should be noted that, although the steady-state dynamics of the unit magnetization
vector m at hz = 0 and Ω/h ≥ 1 may strongly depend on the initial direction of this vector
(see Fig. 3 for illustration), there is no initial-state dependence for χ. Thus, the condition
µ+χ = 1 is universal in the sense that it holds for all possible values of the reduced magnetic
field frequency Ω/h and does not depend on the initial values θ(0) and ψ(0) of the polar
and lag angles.
To avoid confusion in interpreting the above condition, we first recall that at hz > 0 the
stationary solution (4.3) of Eqs. (4.1) is stable for all values of the ratio Ω/h. In this case,
mz is given by Eq. (4.4), χ = 1 and, in addition, mz can be approximated by Eq. (4.5)
if hz is small but nonzero. In contrast, since at hz = 0 the stationary solution (4.6) of
Eqs. (4.1) is stable only if Ω/h < 1 and these equations at Ω/h ≥ 1 have a periodic steady-
state solution, in this case the nanoparticle angular frequency is given by Eq. (4.7) and the
nanoparticle magnetization equals zero: µ = 0. The last result following from the definition
13
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FIG. 3. (Color online) Examples of steady-state trajectories of the rotational motion of nanopar-
ticles illustrating their dependence on the initial polar angle θ(0). The trajectories are obtained
from the numerical solution of Eqs. (4.1) for Ω = 2.5, h = 1, hz = 0, ψ(0) = 0, and θ(0) = 0.4 (a),
θ(0) = pi/2 (b), θ(0) = 2.7 (c). In this figure, the angles are measured in radians, the lag angle
ψ(t) is reduced to the interval [0, pi], the arrows indicate the direction of time evolution, and the
degenerate trajectory b corresponds to the nanoparticle rotation in the xy-plane [i.e., θ(t) = pi/2].
µ = (1/tst)
∫ tst
0
dt cos θ(t), which accounts for the existence of periodic solution of Eqs. (4.1)
at Ω/h ≥ 1, shows that the rotating magnetic field (when hz = 0) does not magnetize the
reference systems. Thus, the condition µ+χ = 1 holds if µ is associated with mz at hz ≪ 1
(not at hz = 0) and χ is taken at hz = 0. We note in this context that the rotational regime
of nanoparticles, which exists at infinitesimally small hz, is completely destroyed by thermal
fluctuations (see below).
V. EFFECTS OF THERMAL FLUCTUATIONS
Next, to study thermal effects in the rotational dynamics of ferromagnetic nanoparticles
with frozen magnetization, we solve analytically the Fokker-Planck equation (3.13) and
numerically the system of effective Langevin equations (3.15).
A. Steady-state solution of the Fokker-Planck equation
The results obtained for the noiseless case suggest that, depending on the model param-
eters, the steady-state solution Pst of the Fokker-Planck equation (3.13) at t → ∞ can be
represented as a function of two variables Θ and Ψ = ωt−Φ, i.e., Pst = Pst(Θ,Ψ). Using the
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relation ∂Pst/∂t = ω∂Pst/∂Ψ and Eq. (3.13), we can find the equation for the steady-state
probability density Pst directly from Eq. (3.13). For brevity, it is convenient to write this
equation in the operator form
LˆPst = κΩ
∂Pst
∂Ψ
, (5.1)
where the Fokker-Planck operator Lˆ is defined as
LˆPst =
∂
∂Θ
(
κ
∂w
∂Θ
− cotΘ
)
Pst +
κ
sin2Θ
∂
∂Ψ
(
∂w
∂Ψ
Pst
)
+
(
∂2
∂Θ2
+
1
sin2Θ
∂2
∂Ψ2
)
Pst (5.2)
with w = w(Θ,Ψ) = −h sin Θ cosΨ − hz cosΘ. In particular, if Ω = 0, then Pst is reduced
to the equilibrium Boltzmann probability density
P0 = P0(Θ,Ψ) =
1
Z
sinΘ e−κw(Θ,Ψ) (5.3)
(Z =
∫ pi
0
dΘ
∫ 2pi
0
dΨ sinΘ e−κw(Θ,Ψ)), which is the normalized solution of the equation LˆP0 =
0.
Assuming that κΩ ≪ 1, the steady-state probability density Pst can be expanded in a
power series of κΩ. In the linear approximation in κΩ this expansion yields
Pst = (1 + κΩF )P0, (5.4)
where, according to Eq. (5.1), F = F (Θ,Ψ) is the solution of the following equation:
Lˆ(P0F ) =
∂P0
∂Ψ
. (5.5)
Since the probability densities Pst and P0 are normalized, the function F must also satisfy
the condition ∫ pi
0
dΘ
∫ 2pi
0
dΨF (Θ,Ψ)P0(Θ,Ψ) = 0. (5.6)
In what follows, we restrict ourselves to the case when hz = 0 and κh≪ 1. Then, using
Eqs. (5.3) and (5.5), it is not difficult to show that in the main approximation in κh the
function F is determined by the equation
1
sinΘ
∂
∂Θ
(
sinΘ
∂F
∂Θ
)
+
1
sin2Θ
∂2F
∂Ψ2
= −κh sin Θ sinΨ. (5.7)
The solution of this equation, which vanishes as κh→ 0, has the form
F =
1
2
κh sin Θ sinΨ. (5.8)
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Therefore, taking into account that, up to quadratic order in κh, Z = 4pi(1 + κ2h2/6) and
P0 =
sinΘ
4pi
[
1 + κh sin Θ cosΨ− κ
2h2
6
(1− 3 sin2Θcos2Ψ)
]
, (5.9)
from Eq. (5.4) one immediately gets
Pst = P0 +
1
8pi
κ2hΩ sin2Θ sinΨ. (5.10)
To avoid any confusion, we emphasize that this result is obtained under the assumption that
Pst = Pst(Θ,Ψ), hz = 0 and κmax (Ω, h)≪ 1.
B. Simulation results
Introducing the dimensionless time t˜ = t/τ1 and using Eq. (2.9), the system of effective
Langevin equations (3.15) in the rotating frame can be written as
dθ
dt˜
= h cos θ cosψ−hz sin θ + 1
κ
cot θ +
√
2
κ
µ˜1,
dψ
dt˜
= Ω− h sinψ
sin θ
−
√
2
κ
1
sin θ
µ˜2,
(5.11)
where µ˜i = µ˜i(t˜) =
√
τ1 µi(t˜τ1) (i = 1, 2) are dimensionless Gaussian white noises with
〈µ˜i(t˜)〉 = 0 and 〈µ˜i(t˜)µ˜i(t˜′)〉 = δ(t˜ − t˜′). It is this system of equations that we used in our
simulations.
In order to verify if thermal fluctuations are properly taken into account in the effec-
tive Langevin equations (5.11), we solved these equations by the Runge-Kutta method and
calculated the quantity
σ =
8pi
κ2h2
(Pst − P0)|Ψ=pi/2. (5.12)
According to Eq. (5.10), this quantity characterizes the difference between the steady-state
(when Ω 6= 0) and equilibrium (when Ω = 0) probability densities at Ψ = pi/2 and is
expressed as σ = (Ω/h) sin2Θ. The numerical results for σ as a function of Θ are obtained
by solving Eqs. (5.11) for τ1 = 5.56 × 10−7 s, κ = 8, hz = 0 and different values of h and
Ω. The solutions of these equations, i.e., the pairs of angles θn = θ(t˜n) and ψn = ψ(t˜n),
are determined at the moments of time t˜n = 10
5 + n∆t˜ (this choice of the initial time
guaranties that the transient processes are completed) with n = 1, N , N = 1011 and ∆t˜ =
10−2. Finally, the numerical values of the probability densities Pst|Ψ=pi/2 and P0|Ψ=pi/2 are
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FIG. 4. (Color online) Dependence of σ on Θ for Ω/h = 0.5 (1) and Ω/h = 1.5 (2). The solid curves
correspond to the theoretical result σ = (Ω/h) sin2Θ and the symbols represent the numerical
values of σ. The latter are obtained by solving Eqs. (5.11) for h = 2.5× 10−2, Ω = 1.25× 10−2 (1)
and Ω = 3.75× 10−2 (2); the other parameters are given in the text.
calculated as Nm|Ω 6=0/(∆Θ∆ΨN) and Nm|Ω=0/(∆Θ∆ΨN), respectively. Here, Nm is the
number of pairs (among total N pairs) satisfying the conditions θn ∈ [m∆Θ − ∆Θ, m∆Θ]
and ψn ∈ [pi/2−∆Ψ/2, pi/2 + ∆Ψ/2), in which the parameters m, ∆Θ and ∆Ψ are chosen
to be m = 1, 155 and ∆Θ = ∆Ψ = pi/155 (note also that
∑
mNm = N).
As is illustrated in Fig. 4, our simulation results for the Θ-dependence of σ are in a very
good agreement with the theoretical prediction. This leads to the following conclusions.
First, the solution (5.10) of the Fokker-Planck equation (5.1) correctly describes the long-
time behavior of the rotational motion of nanoparticles in a viscous fluid. Second, since the
difference (Pst−P0)|Ψ=pi/2 is of the second order in κh, the effective Langevin equations (5.11)
can be used to predict and study subtle rotational effects. And third, the representation
Pst = Pst(Θ,Ψ), which is the key assumption in our analysis, holds not only at Ω/h < 1 (as
it could be expected from the noiseless case), but also at Ω/h ≥ 1. The last means that the
periodic regime of rotation does not influence the steady-state probability density Pst.
The numerical solution of Eqs. (5.11) is then used to determine the average values of
the nanoparticle magnetization and nanoparticle angular frequency, 〈µ〉 and 〈χ〉. They are
calculated as 〈µ〉 = (1/l)∑li=1 cos θi and 〈χ〉 = 1− (1/l)∑li=1 ψi/(Ωt˜sim), where θi = θi(t˜sim)
and ψi = ψi(t˜sim) are the polar and lag angles in the i-th run, t˜sim is the simulation time,
and l is the total number of runs. In our simulations we set t˜sim = 10
6 and l = 105; the other
parameters are the same as in Fig. 2. It should be noticed that since t˜sim is large enough,
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FIG. 5. (Color online) Average value of the reduced angular frequency of nanoparticles, 〈χ〉, as a
function of Ω for hz = 0, h = 1 and different values of the parameter κ. The solid curves show the
results obtained by numerical solution of Eqs. (5.11), and the dashed curve represents Eq. (4.7),
which corresponds to the noiseless case (〈χ〉|κ=∞ = χ).
the statistical properties of angles θi and ψi do not depend on their initial values.
Using this approach, we observed that 〈µ〉 = 0 for all finite values of the inverse temper-
ature parameter κ. At first sight, this result is in disagreement with the behavior of µ in
the noiseless case (when κ = ∞), see Fig. 2, because 〈µ〉 at large κ should approach µ. If
µ is numerically determined for small but non-zero values of hz (e.g., hz = 10
−3 in Fig. 2),
then 〈µ〉 at κ ≫ 1/hz indeed approaches µ. However, since µ is mathematically defined
as hz → 0, such an approach is impossible for any finite κ. In fact, the periodic regime of
nanoparticle rotation, which exists in the noiseless limit at hz = 0 and Ω/h ≥ 1, is degener-
ate: limhz→0± mz = ±µ. The thermal torque of arbitrary strength completely destroys this
regime, leading to 〈µ〉 = 0.
The influence of thermal torque on the average angular frequency of rotation of nanopar-
ticles driven by a circularly polarized magnetic field (when hz = 0) is illustrated in Fig. 5.
As seen, the average angular frequency 〈χ〉 is strongly affected by thermal torque (the less
the parameter κ, the more the torque strength) and exhibits a remarkable dependence on
the driving field frequency Ω. Since 〈µ˜1,2(t˜)〉 = 0, see Eqs. (5.11), the dependence of 〈χ〉
on κ and Ω is a purely nonlinear effect. Its most striking manifestation is that thermal
fluctuations can both increase and decrease the angular frequency of nanoparticles as com-
pared with the deterministic case. Specifically, if Ωc is the solution of the equation ε = 0
(ε = 〈χ〉|κ=∞ − 〈χ〉) with respect to Ω, then thermal fluctuations decrease the frequency of
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FIG. 6. (Color online) Dependence of ε on Ω for different values of κ. The simulation parameters
are chosen as in Fig. 5.
rotation (ε > 0) when Ω < Ωc, and increase it (ε < 0) when Ω > Ωc (see Fig. 6). Note that
Ωc grows and |min ε| decreases as κ becomes smaller, and ε approaches zero at large Ω.
By solving the effective Langevin equations (5.11) numerically, we investigate the role
of thermal torque in the nanoparticle dynamics induced by the precessing magnetic field
(when hz 6= 0). Before we proceed with the analysis of thermal effects, we recall that in
the noiseless case the steady-state dynamics of nanoparticles has a precessional character
described by constant polar and lag angles (4.3). As a consequence, in this case χ = 1, i.e.,
the angular frequency of precessional rotation of nanoparticles coincides with the magnetic
field frequency, and the z-component of the reduced nanoparticle magnetization is given by
Eq. (4.4).
Because Eqs. (5.11) are nonlinear, the thermal torque essentially influences the average
characteristics of the precessional motion of nanoparticles. In particular, due to its action,
the average angular frequency of precession becomes less than the magnetic field frequency,
i.e., 〈χ〉 < 1 for all finite values of κ. Moreover, the numerical simulations show that
〈χ〉 is a monotonically decreasing function of 1/κ with 〈χ〉|1/κ=0 = 1 and 〈χ〉|1/κ=∞ = 0.
The average frequency 〈χ〉 also decreases monotonically with increasing Ω (see Fig. 7), and
〈χ〉 → 0 as Ω→∞ for each finite κ. An important feature of these dependencies is that they
decrease more slowly with increasing hz. This fact suggests the existence of the characteristic
frequency Ω0, which separates two qualitatively different behaviors of 〈χ〉 as a function of
hz. Namely, if Ω < Ω0 then 〈χ〉 monotonically decreases as hz increases, and 〈χ〉 exhibits a
non-monotonic dependence on hz if Ω > Ω0, as shown in Fig. 8. It is important to emphasise
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FIG. 7. (Color online) Average value of the reduced angular frequency of precession of nanoparticles
as a function of Ω for h = 1, κ = 5 and different values of the parameter hz.
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FIG. 8. (Color online) Average value of the reduced angular frequency of precession of nanoparticles
as a function of hz for h = 1, κ = 5 and two values of Ω. In this case, the characteristic frequency
Ω0 that separates the regimes of monotonic (Ω < Ω0) and non-monotonic (Ω > Ω0) dependence of
〈χ〉 on hz is equal to 0.78.
that all these remarkable properties of the average frequency of precession of nanoparticles
result from thermal fluctuations; in the noiseless case 〈χ〉 = 1.
Finally, the dependence of the average reduced magnetization 〈mz〉 on Ω and κ is il-
lustrated in Fig. 9. As seen, 〈mz〉 approaches the theoretical result (4.4) as κ grows,
and 〈mz〉 almost does not depend on Ω at relatively small κ. Since the limit Ω → ∞
corresponds to the absence of the rotating magnetic field, from Eq. (3.10) one obtains
〈mz〉|Ω→∞ = 2pi
∫ pi
0
cos θP0(θ)dθ = L(κhz), where L(x) = coth x − 1/x is the Langevin
function. In particular, for curves 1, 2 and 3 the function L(κhz) approximately equals
0.778, 0.438 and 0.099, respectively.
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FIG. 9. (Color online) Frequency dependence of the average reduced magnetization for hz = 0.3,
h = 1 and different values of the parameter κ. The dashed curve represents the theoretical result
(4.4) for the noiseless case.
VI. CONCLUSIONS
We have studied both analytically and numerically the rotational properties of ferromag-
netic nanoparticle in a viscous fluid driven by a precessing magnetic field. Our approach
is based on the system of multiplicative Langevin equations for the polar and azimuthal
angles of the nanoparticle magnetization frozen into the massless nanoparticle. From these
equations, approximating the Cartesian components of the random torque by Gaussian white
noises and interpreting them in an arbitrary way, we have derived the corresponding Fokker-
Planck equation. By associating the stationary solution of this equation with the Boltzmann
probability density, we have established that the basic system of Langevin equations should
be interpreted in the Stratonovich sense. Within this framework, we have reproduced the
known system of effective Langevin equations, which is simpler than the basic one, and have
shown that the statistical properties of its solution do not depend on the interpretation of
multiplicative white noises.
Using the system of effective Langevin equations and the corresponding Fokker-Planck
equation, we have calculated the average angular frequency of precession of nanoparticles
and the average magnetization of nanoparticles in the z-direction, and have analyzed their
dependence on the model parameters. In the noiseless limit, the dependence of these quanti-
ties on the rotating field frequency and amplitude is different whether a constant component
of the magnetic field is zero or not. In the former case, it has been shown both analytically
and numerically that the angular frequency and magnetization depend only on the ratio
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of the rotating field frequency to the rotating field amplitude and, starting from a certain
value of this ratio, these dependencies become strongly nonlinear. The most remarkable
property of the above mentioned quantities is that their sum is strictly equal to 1 (in di-
mensionless units) for any rotating field. In the latter case, when the steady-state rotation
of nanoparticles has the precessional character, we have derived a general expression for the
nanoparticle magnetization and have observed that the frequency of nanoparticle precession
always coincides with the rotating field frequency.
The influence of thermal fluctuations on the rotational dynamics of nanoparticles is in-
vestigated by numerical integration of the system of effective Langevin equations. To verify
these equations, we first calculated the difference between the steady-state and equilibrium
probability densities of the nanoparticle orientation, which arises from a slowly rotating
magnetic field of small amplitude. Then, by comparing the numerical results for this differ-
ence with the results obtained from the analytical solution of the Fokker-Planck equation, we
have confirmed the validity of effective Langevin equations. Finally, using these equations,
we have observed a number of interesting thermal effects. In particular, it has turned out
that the deterministic regime of rotation of nanoparticles, which exists when a constant mag-
netic field is infinitesimally small and the rotating field frequency exceeds the critical one, is
completely destroyed by thermal fluctuations. But the most important observation is that
thermal fluctuations can play a constructive role in the precessional dynamics of nanoparti-
cles. The non-monotonic behavior of the average angular frequency of nanoparticle rotation
as a function of the constant magnetic field strength supports this statement.
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